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Natural Frequency Sensitivity Analysis
with Respect to Lumped Mass Location

D. C. D. Oguamanam,* Z. S. Liu,* and J. S. Hansen'
University of Toronto, Downsview, Ontario M3H 5T6, Canada

The calculation of natural frequencies for beams and plates with attached lumped masses is considered when the
lumped masses are moved from a reference location. As such, the objective is to determine the natural frequency
sensitivity to a change in the lumped mass location. The problem is solved using the Rayleigh quotient of the system
in conjunction with Rayleigh’s principle. The developed approach is straightforward to implement and yet has the
capability of providing accurate predictions to changes in natural frequency even with substantial movement of a
lumped mass from its original position. The formulation is developed for both distinct and repeated eigenvalues.

Nomenclature
A = cross-sectional area
[A]* = transverse shear stiffness matrix
a = x coordinate of the lumped mass
B = width of the plate
[B,y] =derivative matrix associated with repeated eigenvalue
b =y coordinate of the lumped mass
[D] =bending stiffness matrix
E = Young’s modulus
1 = area moment of inertia about the neutral axis
L = length of the plate or beam
M = attached mass
r = number of eigenfunctionsassociated with a
repeated eigenvalue
T = kinetic energy
T = coefficient of (¢/*)?/2in T
t = thickness of plate
U = potential energy
u = coefficient of (¢/*)?/2 in U
w = transverse displacement trial function
Wo = matrix of eigenvectors associated with a repeated
eigenvalue
w = transverse displacement
« = vector of constant coefficients
¥ = vector of shear strains
) = Dirac delta
K = vector of bending strains
AN =new eigenvalue
ZLN ¢ =estimated eigenvalue
A0 = original eigenvalue
v = Poisson’s ratio
0 = material density
v, = section rotation about the y-axis trial function
W,  =sectionrotation about the x-axis trial function
/s = section rotation about the y axis
Y,y = section rotation about the x axis
Q = natural frequency
Subscripts

i = ith component of ()
ij =1i, j componentof ()
k =d()/dk or d()/dk
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Superscripts
/ =d()/dx
7 =d?()/dx? or 32()/9x?

Introduction

HE subject of this work is the influence of lumped mass re-

distribution on the natural frequencies of structural systems.
The importance of this topic is based on the observationthat natural
frequencies are some of the most significant parameters for control
engineers and designers of dynamic structural systems and may be
the dominant factor in the optimal design of these systems. Typical
examples involving lumped mass redistribution are to be found in
aircraft, robotic, large space structure, and printed circuit board de-
sign. Designand/or controloptimality,almostby definition, requires
design variable or configuration changes that in turn influences the
natural frequencies of the system. Also, natural frequency evalua-
tion involves the solution of an eigenvalue problem that for large
systems can be computationally expensive; hence, it is desirable
to have the capability of predicting the effects of variable changes
on an eigenvalue without the requirement of solving an eigenvalue
problem for every potential design variable change. This point of
view leads to the desire for accurate, easily implemented design
sensitivity analysis methodologies.

The design variables encountered in the present class of dy-
namic structural analyses can effectively be grouped into six cate-
gories. These are cross-sectionalarea,' material properties, lumped
mass position? support position,> * boundary shape,’ and layout
variables® There have been many eigenvalue sensitivity studies re-
ported for all these categories except for the one dealing with the
position of lumped masses.

With respect to the existing literature, a number of previous stud-
ies are relevantto the current work. Wang? has examined the eigen-
value sensitivity of an Euler-Bernoulli beam with respect to the
position of a lumped mass using the classical modal summation
method. In addition, studies completed for plates with concentrated
masses include the work by Whaley,” Pombo et al.,® and Nicholson
and Bergman,” and the references therein. It should be mentioned
that the work by Whaley’ concentrateson the effect of the introduc-
tion of a lumped mass into a system that originally has no lumped
mass.

The problemconsideredin this paperassumes that lumped masses
are presentin a structure and furthermore the eigenpairs (i.e., eigen-
functions and eigenvalues) for this reference structure have been
determined. The question posed is to determine the change in the
eigenvalues with respect to a perturbation in the position of the
lumped masses. The objectives of this paper are twofold. First, the
work by Wang? is reformulated based on the Rayleigh quotient’;
the current approachis shown to yield identical results by a simpler
technique. Second, the current method is extended to plate vibration
problems. The formulation is evaluated for two-plate problems by
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comparing the results of the sensitivity calculation to results ob-
tained from a complete reanalysis for the perturbed problem. All
results are obtained using the finite element method.

Mathematical Derivation
Two problems will be considered,beams and plates with attached
lumped masses. The problems will be considered in sequence.

Beam with a Lumped Mass Attachment

A cantilever beam with a lumped mass attached at a point along
its span is illustrated in Fig. 1. The reference frame XY Z is as
shown and it is assumed that the mass is attached at the point a
along the x axis of the reference frame. The beam is modeled using
Euler-Bernoulli beam theory.

The strain-energy of the beam is the only contributor to the po-
tential energy of the system U whereas the kineticenergy T is com-
prised of components from both the beam and the lumped mass.
These quantities are given, respectively, as

1 L
U=—/ ElTw"* dx
2 Jy

1 L L
T = 5/ pAW dx + | Muis(x —a)dx
0 0

The solution w(x, t) of the free-vibration problem is written as
w(x, ) = W(x)e'¥ 2)

Substitutionof this expressioninto the kinetic and potential energies
and forming the Rayleigh quotient R[W (x)] yields

UWw ()]

RIW(x)] = ——— 3)

TIW(x)]
where U[W (x)] and T[W (x)] are the coefficients of (¢/%")?/2 cor-
respondingto the potential and kinetic energies respectively and are
given by

L
U[W(x)]:/ EIW"(x)* dx
L ' L (4)
T[W(x)]:/ PAW(X)?dx + | MWx)*8(x —a)dx
0 0

Rayleigh’s principle provides the result that the stationary value
of the Rayleigh quotient yields the system eigenvalue A (i.e., square
of the naturalfrequency) and this occurs when the argumentfunction
W (x) is the corresponding eigenfunction!® Thus the eigenvalue A
is found from

UW )]
TIW )]

subject to the conditions that the admissible functions W (x) are
sufficiently differentiable with respect to x and satisfy the appro-
priate kinematic boundary conditions. The abbreviation St implies
stationary condition.

If a particular eigenpair is denoted by A, W(x) Eq. (5) can be
rewritten as

A = StR[W(x)] = St 5)

¥ L A// 2
5= R[W (o)) = VL i J EITW"(x)] dx
TIW(x)] fo [pA+ M§(x —a)|W2(x) dx
(6)
z
M p,A,E 1
@ . x
a |
L) |
|

Fig.1 Schematic of a beam with an attached lumped mass.

Note in the precedingequation that A is a function of the positionof
the lumped mass a. In addition, the differentiabilityrequirementand
the boundary conditionsimposed on the eigenfunctionare indepen-
dent of the lumped mass location. Hence, the eigenvalue sensitivity
with respect to the lumped mass location is obtained by differenti-
ating Eq. (6) with respect to a. This yields

£

In obtaining this result, it is observed that whereas W(x) is im-
plicitly dependent on the lumped mass location a, the variation of
W (x) with respectto a does not contribute a first-order effect to the
eigenvalue sensitivity because R[W (x)] is stationary with respect
to W(x).

From the calculus of § functions,'!

L —
/f(x)d‘s();—“)dx / 4/ G )6<x—a)dx fl@ ®
0 a 0

allows Eq. (7) to be written as

LD o, )dx}/T[Mx)] )

d_i B _21Mvi/(a)vi/’(a) ©
da TIW ()]

This resultis equivalentto Eq. (14) in the paper by Wang,? although
in the present case the derivation is more straightforward,

Withrespectto theresultof Eq. (9), notethattheproductAMW(a)
can be interpreted as an equivalent force corresponding to the in-
ertia of the lumped mass, i.e., D’ Alembert’s principle. Hence the
eigenvalue sensitivity is proportional to this inertial force times the
slope of the eigenfunctionat the mass attachment point.

The derivation presented thus far is valid for distinct eigenval-
ues. The solution for repeated eigenvalues is different in that a
subeigenproblem!?> must be solved. To illustrate the technique, as-
sume an r-fold repeated eigenvalue with an associated set of r lin-
early independent eigenfunctions {W;, W,, ..., W,}. Because of
the linear independence of these eigenfunctions, any linear com-
bination of this set is also an eigenfunction corresponding to the
repeated eigenvalue. Such an eigenfunction W may be expressed
as

where a is a vector that is to be determined.
Substituting Eq. (10) into Eq. (5) and seeking a stationary solution
with respect to o yields

3, = StRIW| = i 1Al (an
- T aT[Bla
where [A] and [B] are r x r matrices with elements given by
L
A;j =/ EIW[”(x)WI’.’(x) dx (12)
0
L A A
B;; =/ [pA + M5(x —a)]W;(x)W; (x) dx (13)
0
Differentiation of Eq. (11) with respect to a yields
d. s g [ o 1B (14)
da — a’[Bla
where [B’] is an r X r matrix with entries given by
B, = M[W)(@W,(a) + W, (@)W} ()] (15)

The stationary problem of Eq. (14) is thus transformed into the
eigenproblem

. di
A[B'la = —=[Bla (16)
da

from which the eigenvalue sensitivity can be obtained. It is to be
noted that the eigenvalue sensitivity is now a directional derivative
with r components correspondingto the solution of this eigenprob-
lem. [B] is the identity matrix because of the orthonormalization
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Table 1 Eigenvalue sensitivity with respect to lumped mass location on a simply supported square plate Ab =0.125m

Eigenvalue rate x 10°

Eigenvalue - Estimated
x 10° Eigenfunction  Eigenfunction —Z}LOW(a, b)x eigenvalue x 10°,
Mode x 1072, slope x 1072, Wy(a, b)M, ANex 04
number 10 AN W (a, b) FFD AN =19/ Aab FFD (di/db)Ab
1 4.627 4.180 2.464 1.446 —3.576 —3.297 4.215
2 31.003 34435 1.450 —3.879 27.456 34.872 35.362
3 63.881  63.881 0 0 0 0 63.881

L

/ [

Fig.2 Schematic of a plate with an attached lumped mass.

Y

of the eigenvectors with respect to the inertia matrix [M]; however,
[B’] is in general fully populated.

Plate with a Lumped Mass Attachment

In this section, the work is extended to a Reissner-Mindlin plate
with an attached lumped mass (Fig. 2).

The potential energy U of the Reissner-Mindlin plate is

[[D] 0]{R}dA a7
0 [A]*] v

where [ D] is the flexural stiffness matrix and [A]* is the transverse
shear stiffness matrix. Also, x and -y are given by

Ulw, ¥, ¥y]1 = 5 /[

Yy
ax ow
awy 5 %0\
KR = —_— s ¥ =
o o,
W | 3y ox "
ay ax

The kinetic energy 7T is
1 :2 1 P2 02
T== [ pAi?dA+ = | pl(Y2+y?) dA
2/ 2/ ’ ’

+%/Mu';26(x —a)s(y —b)dA (18)
A

The solution of the free-vibration problem is expressed as

w(x,y, 1) = W(x, e, Yo (x, y, 1) = W, (x, y)e'™

iQt

w,\’(xﬁ yat) = \lj,\r‘(xa Y)e

Following the same procedure as before, the eigenvalues corre-
sponding to A are the stationary values of the Rayleigh quotient
and the arguments W (x, y), W, (x, y)and ¥,(x, y) corresponding
to these minima are the eigenfunctions!® That is,

UIW(x, y), Vo (x, y), W) (x, y)]
TIW, W, (x, y), Wy (x, y)]

A =St (19)

where the field variablesor eigenfunctions W (x, y), ¥, (x, y), and
W, (x, y) are continuous and differentiable.

The stationarity condition of the Rayleigh quotient correspond-
ipg to the eigenvalue A and eigenfunction W(x,y), W, (x,y),
W, (x, y) is therefore

3= UIW (x, ), e (x, y), Wy (x, y)] 20)

TIW(x, ), ¥, (x, y), ¥, (x, y)]

The eigenvalue sensitivity is obtained by differentiatingthe preced-
ing equation with respect to a and b, which yields the results

Q__ 2AMW (a, b)W ,(a, b)
da  T[W(x,y), ¥, (x,y), ¥,(x, y)]

21
o 2AMW (a, )W, (a, b)

db TW(x, ), W (x, ), By (x, )]

where Vf/_x (a, b), W\ (a, b) are the partial derivatives of W(x, y)
with respect to x and y, respectively, evaluated at (a, b).
Normalizing the eigenfunctions such that 7 =1 allows Eq. (21)
to be rewritten as
di . .
i —2 MW (a,b)W ,(a,b)
a

(22)

di SN .
7 = ~2MW(a, )W, (a.b)

As was the case for the beam problem, it is noted that the product
M W(a b) in Eq. (22) can be interpreted as the inertia of the
lumpedmass, and thereforethe eigenvaluesensitivityis proportional
to this inertial force times the slope of the eigenfunctionat the mass
attached point.

The sensitivity formulation for the case of repeated eigenvalues
follows the outline presented for the beam and leads to a pair of
similar subeigenproblems:

A[B —QB A[B —QB (23)
[B.la = da[ la, [Byla = db[ la

where [B], [B,] and [B ;] are r X r matrices with elements given
by

Bij = /[,OAW,‘ Wj + p(\ilxi\ilxj + \ilyi\i)yj)
A

+MW,W;8(x — a)s(y — b)]dA (24)
Bij. = MW, (a, b)W;(a, b) + Wi(a,)W; .(a, b)] (25)
Bi;, = MW, ,(a, b)W;(a,b) + Wi(a, b)W; ,(a,b)] (26)

Numerical Examples

Two plate-lumped mass configurations will be examined; each is
based on a square plate with length L = 3 m, thickness t =0.03 m,
Young’s modulus E =2.07 x 10'! N m~2, Poisson’s ratio v =0.3,
and density p =8.0 x 10* kg m~>.

In the first, the eigenvalue sensitivityis evaluated for two cases of
distinct eigenvalues corresponding to simply supported and fully
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Table 2 Eigenvalue sensitivity with respect to lumped mass location on a clamped square plate; Ab=0.125m

Eigenvalue rate x 10°

Eigenvalue - Estimated
x 103 Eigenfunction  Eigenfunction —2}»0 W{(a, b) x eigenvalue x 10°,
Mode x 1072, slope x 1072, W, (a,b)M, ANe~ 04
number 1o AN W(a, b) FFD AN —1%)/Ab FFD (di/db)Ab
1 13.126 11.150 2.692 1.877 —15.808 —13.270 11.467
2 63.360 70.945 1.215 —5.302 60.680 81.611 73.561
3 141.360  141.360 0 0 0 0 141.360

Table 3 Sensitivity of distinct and repeated eigenvalues with respect to lumped mass location on a simply supported square

plate; Ab=0.125m

Eigenvalue rate x 10

Eigenvalue — Estimated
x 103 Eigenfunction  Eigenfunction —2}0 W(a, b)x eigenvalue x 10°,
Mode N N x 1072, slope x 1072, Wy(a,b)M, ANe~ 04
number A0 AN W(a, b) FFD AN =19 /Ab FFD (dr/db) Ab
1 5.1433 4.995 1.600 1.316 —1.187 —1.083 5.008
2 20.047 19.481 2.209 0.641 —4.528 —2.848 19.694
3 20.047 20.264 —1.517 0.881 1.736 3.008 20.640

\ Uy, 22,250
NSSuz
S =
Fig. 3 Mode shape of the third eigenvalue for the simply supported
square plate.

clamped boundary conditions. A lumped mass M =1000 kg is
attached at the location (a =1.5 m, b =0.75 m). For the simply
supported plate, the first three eigenvalues A are tabulated in the
second column of Table 1. The results are obtained from a finite
element analysis using 64 bicubic Lagrange elements. The lumped
mass is then moved to the position (@ =1.5 m, b=0.875 m); thus
Ab =0.125 m, and the first three new eigenvaluesA” are determined
and presentedin the third column of Table 1. The fourth column pro-
vides the value of the appropriate eigenfunctionat the lumped mass
location. The fifth columnindicatesthatthe slope W, or W  is com-
puted using forward finite differences (FFD). The finite difference
calculationis required because the eigenfunctionslopes at the origi-
nal position of the lumped mass cannot be determined directly from
the finite element analysis (i.e., as a degree of freedom) because
Reissner-Mindlin theory does not enforce solution slope continuity
across element boundaries. The remaining entries in the table are
self-explanatory. The results from the analysis of the fully clamped
plate are given in Table 2.

Theresultspresentedin Tables 1 and 2 illustratethat the calculated
eigenvalue sensitivity gives a good estimate of (AN —19)/Ab. A
plausiblereason for the observed differencesis the finite size of the
displacement Ab used; a very small value Ab (Ref. 3) is expected to
resultin a very accurate estimate but such a movement is not prac-
tical or realistic and hence explains the choice of Ab=0.125m.
It may be noted that the absence of change in the eigenvalue cor-
responding to the third mode for both the clamped and the simply
supported scenarios is because the mass is located on a nodal line
of the eigenmode. Figure 3 illustrates this solution characteristicfor
the third mode of the simply supported case.

The second configuration illustrates the use of the present formu-
lation for the case of repeated eigenvalues. Here four 500-kg masses

are symmetrically attached to the simply supported square plate at
the locations (0.75 m, 0.75 m), (0.75m, 2.25m), (2.25m, 0.75 m),
and (2.25 m, 2.25 m). The problem is to determine the sensitivity
of the first three eigenvalues when the mass at (0.75 m, 0.75 m) is
moved along the y axis. For comparison purposes, calculations are
completed when Ab =0.125 m.

The first mode is distinctand the eigenvaluesensitivityis observed
to be accurately estimated. The second and third modes have a re-
peated eigenvalue, and their sensitivities are as tabulatedin Table 3.
Although there is a large difference between these and those ob-
tained from the finite element method [ie., (A" —A?)/Ab], the
error in the actual eigenvalue(i.e., AN and A"¢) is less than 1%. The
discrepancies, like those observed in the first scenario, are a result
of the finite size of Ab.

Conclusion

A formulation is presented for the sensitivity calculation of both
distinct and repeated eigenvalues of beams and plates with respect
to the location of a lumped mass. The approach has been shown
to be straightforward and effective, and it has been illustrated to
provide very good estimates of eigenvalue sensitivities even when
the displacement from the original location of the lumped mass is
substantial.
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